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A B S T R A C T
This dissertation presents a theoretical and practical study of the 
finite element met hod using the ADIMA finite element program. The 
package was applied to the analysis of three different problems, 
namely: A nonlinear static analysis; a free vibration analysis and 
a themal analysis. The fir>t two analyses were supplemented with 
experimental results for the purpose of comparison whilst the last was 
compared with a closed form analytic solution.
The first problm consisted of a materially nonlinear static analysis 
of a cast iron sheave uheel. The sheave was physically loaded with a 
rope up to failure of the riis. Strain gauges isonitored strain at twenty 
four locations. In order to simulate the nonlinear properties of the 
east iron, a Prueker Prayer yield criterion was utilised and accordingly, 
a subrout trie describing rhi- •. lasto-plastic const itut ive laws was inter­
faced ulth the package. Ok .ire: to self imposed 1 ini tat ions on 
cos.. :>t<*r resources, l he sheave noil el led ns a {•..(' d inensional body.
The results correlated wi-II in the 1 iaear region hut Jeviated when 
plast '. . f ■•nisii t ion ims pronounced. ft is suspected that this was due 
to n c •... . -.t i op of approxsmat ions in rrsodeli ing the •: comet rv and the 
materia 1.
In the fr<»e vibration ana lysi s :i ‘•uaplt- portal frarae i-.as built in order 
to compare its natural mode shapes and froquenc ie*- v% ; th t hose obtained 
from u finite element simulation. This comparison proved satisfactory.
The thermal analysis was executed pri-nari ly to test and gain first 
hand experience with the AD INAT package. A two dimensional flat plate 
subjected to a sinusoidal temperature load was simulated. Although 
the application was simple, the accuracy of the Ff-M results confirmed 
that the package was operating correctly.
* *■
■ .*3-
'-X
■ V: ~, . 'r,' •

- iv -
A C K N O W L E D G E M E N T S
The author acknowledges assistance received from the following
people;
• Professor C Dimitriou for his unfailing support and stimulation 
during the course of this study
* Mr W Leong of rhe Computer Centre for assistance with the control 
of the ADINA programme
• Dr C Wright for providing an inform?Live discussion course relating 
to the mathematical aspects of the finite element method
* Mr F Bezuidenhout and the Mechanical Engineering Laboratory staff 
for assistance with experimental apparatus
• To students who cooperated in the progress of various undergraduate 
projects (specifically mentioned in Appendix A6)
* Mrs F Roxton Wiggill for typing the scri
To my parents for their moral and financial support
DECLARATION
a b s t r a c t
ACKNOWLEDGEMENTS
CONTENTS
LIST OF FIGURES
LIST OF PHOTOGRAPHIC PLATES
LIST OF PLOTS
LIST OF TABLES
LIST OF NOTATION
1 INTRODUCTION
1.1 PI© POSE
1.2 BACKGROUND
1.3 PROCEDURE
■1 T H E  FINITE ELEMENT METHOD
2.. I SIiSim 1CAL SsLVLLOP'2:XT
“j * n:. x - L v r - M T M  -mr,n H N I T L
2.2.1 V.cnwsl tu ?lie S’ro'.'l
7 ■»„ ^ r.” 1 f ‘hr f>i >pl.icem*nt Oa-eJ Finite­
: I ” V. ■
2.3 ELBIEM AS^OItlfA
2.4 Till: A M K A  FP-IJTK I'.M'.MLNT PIlONR-V-f: STATIC ANALYSIS
3 RESEARCH OH THE STRENGTH OF SHEAVE WHEELS
3.1 INTRODUCTION
3.2 rni-VIOUS fihSEARU!
3.3 iURRFNT R h s im o i PKOCiRAMMF
3.4 PRELIMINARY H.MT): ELEMENT ANAEYSi’>
3.4.1 Finite Clement Mesh
3.4.2 Material Proporties
3.4.3 Finite Element. Results
3.4.4 Conclusions
3.5 BASIS FOR A MORI: fU'TAl LED STUDY
4 PLASTICITY
4.1 INTRODUCTION
4.2 TIE MATHEMATICAL THEORY OF PLASTICITY
4.2.1 The Y i e 1J Cr iter i. cm
4.2.2 The Drueker Pr.iger Yield Criterion
4.2.3 The Definition of K'ork Hardening
4.2.4 The Elastoplasl ic Stress Strain Relations
4.2.5 Matrix Fortnuiation of the Streps Strain Relationship
4.2.6 The Hardening Parameter K
4.3 THE I) RUCKER TRACER MATERIAL MODEL 
4 ,5.1 The E1 a s t op 1 a s t i e ,* la t r i x
4 ,.5.2 Th e Pa ret nie t e r A
4.4 IMi’LliHfcVrATlON 01 THE TRUCKER PR AC HR 
COS'STlTUTIVi: RELATIONS
4,4,1 Procedures ..... leyeJ in the Solution of Elastoplastic
rrot' I ens
I. . 2 ",%-.•!, t ■ 1 . r j
‘ • ’ • ~ - M.’iJ::.. : ' ■ ^ : r ,
4 ■ -. i r; ‘ ",:r ■< - * * ,
4.s fiXiit; f:i.r2S-.*:T sriuiAThv* oi rur. iixiaxi-\l
or r\ST lf;;r,
- r : ..o - :n "F r ;i- :;- \ . v ; l ; i ;  e l U'-'Zu t  a m a l v s i s
OF THE SHEAVE
s . l  i.vninnnnTirr;
5.2 frxiTiRfMermL i'p.oa-;i>;mr 
.2.i > -:r : I - i! :
5 .3 l-INITL LLrML'JT SI'UII \T! r;
S. 3,1 The Finite liic»eni: Mi-.-.h
5 . 4  {•■ i .n it p  HLc:i::-;r knsw.Ts
5 .5  COMPARISON Of RLiHUL'IS
5 .6  CONCLUSION
m  *
m
H
■ B
JTY
W
r*K
v*»iHfcS' r
V'-,'
j
^-■i 
-'Sfcj* ■
%  V
. 9 S p'V •* F~rvrv
| p >r><j-
1 S
;iK-: “£; ‘
if 1 
i ■-.•:1' '
H ;
6
6.1
6.2
6.2.1
6.2.2
6.3
6.3.3
6 .3 .2
6 .3 .3
6 .3 .4
6.4
“VII -
MECHANICAL VIBRATIONS
THE ANALYSIS OF MECHANICAL VIBRATIONS
DIRECT FORMULATION OP TIME DEPENDENT PROBLEMS KTIli
SPATIAL FINITE ELEMENT D LSCRETIZATION: THE DYNAMIC
BEHAVIOUR OF STRUCTURES ETTH LINEAR DAMPING
Free Vibration Analysis
Forced Vibration Analysis
ADIMA PROGRAM CAPABILITIES
Free V ibrat ion AnalvsI s
Forced Vibration Analysis
Linear Forced Vibration Analysis
Nonlinear Forced Vibration Analysis
APPLICATION OF THE METHOD: FREE VIBRATION 
ANALYSIS OF SIMPLE BEAM STRUCTURES
6.4.1 In t roduc t i on
6.4.2 Experimental Apparatus 
r x p e n a e n t a 1 Procedureo , *i . Zt 
h.4.4
6.5
6.5.1
6.5.2 
ft. 5 * 5
6.6
• , 1 
?, 2 
7.3
7.3.1
7.3 .2
7 .3 .3
7 .3 .4
7.4
Lias! tat tons of the urin" Technique
FINITE ELEMENT ANALYSIS 
Finite Element Mesh
free Vibration A n a l y s t o f  a Cantilever P.enm 
Free Viforatio? Ami I v*s i s of a Portal Fraat*
r:o:CLtisro-cs
ADI MAT 
INTRODUCTION
AD I NAT PSUKiP.AM CAPAfil f. I TIES 
THE GOVERN I S«i FIELD NJMMIOXS 
Variationa 1 Formal ation
Establishment uf a Natural V.rri at i on?) 1 Principle
Boundary Corn!itions
Finite Element Discretisation
TEST PROBLEM
9S
95
95
Page
99 
100 
102 
102
103
103
103
106
106
109
110
110
113
114 
I IS 
111) 
125
129 
129 
1 19 
151
131
132 
13S
135
136
vV V;,
’tf :r.T
.* *■ _
14 4 - ‘ -i ;
f 3 8 8 l Y
-CYY-Y>YY
VI 1 I
Pago
7.4.1 Finite I; lenient Analysis
7.4.2 Comparison with the I-xaet Results 
7.5 CONCLUSIONS - GENERAL Comments
137
138
139
S
8.1
s.:
CONCLUDING CHAPTER
IXTROl'lk’TfuN
\!TNA
S.j.l Installation 
tS . j . i. [ fU\'i ,\r ■. .
B.3
S . 3 . 1 
S. 4 
3 .4.1
S. 3 
S .5.1
,s*. 3. .1 
8.5.4
ADINAT
A * . o ;  tVrf.ir 
\iH\\ ■ I. M
U-.C •• l.t \'UV\ . t..\ l\i..
JONCh > I ■ :N -
.';e •'".aH. Iv,. , i i s". " r 
\ :!u' it i I. , i .
i*t;iss.r Ta 1
REFERENCES
APPENDICES
Al
Al. 1
a i .:
Al . 3 
M  . 
AI .5
Al . 6
A1.7
Al. 8 
A 1.9
THE MECHANICAL FR'jPE^ TI f£S OF CAST IRON 
: vi ir h i;v:,
^FV^HU!1 T‘--;rr';r, i'M( I •
‘UTIKIAL SITCIVINS 
STIIA1N .'!! f * t'if f
:.r\}. nisnT.iwu 
Tfir: calculation* of tiif ianciat modulus
AND POISSON’S RATIO
ASSESSMENT OF Till! MlltAVlOlill 01- CAST IRON 
Till; ELASTIC CONSTANTS OF CAST IRON
concuss rov
140
140
141
141
M l
144
144
145
145
146
147 
K 7
149
I 51
151
151
151
'152
153
153
154
173
174 
174
iiWesmi
I l l f H
ips
x :
: ’*,F 
. -  • v ’•" '
-  L X  -
A 2
A2.1 
A2.2 
A2.5 
A 2 .4 
A2.5 
A2.t>
AS 
A3. 1
A3.2 
A S . 2.
A3. 2. 
A3.3 
A3.5. 
AS. 5. 
AS. 5. 
A 3 .4
A 4 > 1
AS. 2 
A4.3
A 4.4
A4 .6
PLA ST IC ;ty
FXPFICIT FORMULATION OF Till’. FLAf^IOPLASTlC MATRIX 
ASSOC IA m >  P L A S T I C m  
NON ASSOC1ATHD PLASTICITY
PARAMFTIiR A
TUI: DIMLXSIONLFSS S T O S S  RM'iU li 
AN ALTIiRXATIVJ: FORMUiJYnGX OF PARAMFTFU A 
AN ALTFRXA'l IVI: PLASTIC POTFXT1AL I UR^ACC
MATERIAL MODEL S U B R O U T I N E  
i n t r o m j c t i o s
IXTUT I'ATA FORMAT 
E lenient C r«up Control Card
Material Property tut a Canl
suBRourm-. f.i p l a , l l p a l , m u j f p
Soubroutine L1PLA 
Subrout inc FJ.PAL 
Subrout ine MlJUf 
FftO tftAM  U  ST I KG
PROPERTIES  RELATING TO THE SHEAVE
8LAM FtiJCXr DiV.f XSlBXS DfPLmfjj JX THE 
PRHLI'liXAtn VNALYSl ■> ill THL KHFAYF
sj b i l k s icr-s fir ii!!: umu:i!iM:!) siifavf
DIMHXSIOXS OF THI- M A O U X F P  SHHAVF.
C A i r u L \ n n x  of t h f  k f c o n p  m o m i k t  o f a r e a  
OF THF h i m  s r c n u x
C.HOMLTKIC PROPHRTIFS OF T!if. RJM <rCT*ON 
LMPLOYFH IX IIIF F IXin: i FFMLNT SLMULATION
m e t h o d  o f c o x v i-r t i x c  ti;i f i x iri; f l l m h n t  r f s u l i .
Page
176
176
179
180 
181 
18S 
189 
192
195
195
195
193
197
198 
183
199 
199 
203
214
214
215 
215
215
A ’
Iss:
W?l%
".*sv
iilflfe wg&^xf V ' > ­- 4^i\v
8111
Iff;
m mmir
220
AS A D i n a / a d i m a t / ad rn a -p l o t  p ro gr am
A 5,1 PROCRAM HXF.UIT I OX 
AS. 2 BACK IIP nOlJFIXF.S
224
224
226
- ix -
A2 PLASTICITY 176
A2.1 EXPLICIT FORMULATION OP TUI F1.A5T0 PLASTIC MATRIX 176
A2.2 ASSOCIAIF.H PIASTICI'H 179
A2.5 NON AKSOC1ATHP PLASTIC!'!Y 180
A2.4 PARAMFTLR A 181
A 2 ,5 THE IHMFXSIOXLFKS STUFFS R \ n u  R 185
A2.6 AX ALTFKXYriYL FORMULATtOX OF PARAMHTHR A 189
A2.7 AN ALITUXAITYH PLASTUI POTFNTlAL SURFACE 192
AS MATERIAL MODEL SUBROUTINE 195
A3.1 INTROfUlCTlUN 195
A3.2 f.NTUT !*AT\ t-ORM-YI' 195
A3.2.1 Flesen t Group Con tro l Curd 195
A3.2 .2  M a te r ia ! P roprrt > Hatn Card 197
A3.3 SLBEOUTfXL El TLA, 198
A3. 3.1 Scnil»rt*ut i nt* F1PFA 189
A3. 3.2 Subroutine ilLPAL 199
A3.5. 3 SuSsrout iivi» MII»LP 199
A3.4 PROT.ftAM FISTINC 203
A-» PROPERTIES RELATING TO THE SHEAVE 214
44. 1 SLAM FLFMFYT PIM»'XSlO.VS !M!‘UlVLi> IN T!1F. 214
flUTJ'H v\f;i WAIASIS OF THL SHLA\ F
A4 ,2 IHMKNSIUN-; 01' 11 IS timClllXFi* SHF.AVF 215
A-». 3 DIMENSIONS OF 11 IF MACHINED SHEAVE 215
a 4.4 c:aia:u l a t i o\- of Tin s e c o n d moms \ r of a r e a 215
of ’Ftif- him Nicrinv
A4.5 GEOMETRIC PROPER!f ES Ul THE R Pi KFCT’OX
EMPLOYED IX ffiF I-1XI if. i El MEVI SIMULATION
A4.6 METHOD OF COXY'FR'TIXC TEE FIX FIT: ELEMENT RESlJL'f . 220
A5 AD I NA/ADI MAI /AD INA-PLOT PROGRAM 224
A5. 1 PROCRAM EXECUTION 224
AS. 2 BACK HP ROUTINES 226
Page
AS. 'L i 226
AS ,2.2 22k.
AS, 2, 3 226
AS, 3 nr.!-lN<N'; -li-MPORAR-; AfuK'yAl" '-‘-PACi-. OK Till; Rl-AD/ 226 
IflUT!: i)! Sk FOR kARW LiSTlXi. M U L S
AS 4 RF..MOTF- JOB t-MXIJTrON 227
UNDERGRADUATE PROJECTS RELEVANT TO THE 233 
DEVELOPMENT Of THE FINITE ELEMENT 
METHOD AT THE UNIVERSITY OP THE 
WI TWATERSRAND
.<> , nnpLAcr.vt. mu human K\i:r. joint 235
A.6 ;• ‘SEPROCESSOR PROGRAM -35
,4& i FIKITt ELLMENT ANAIA^IS 01- A THTN SQUARi: PLATE 235
1^ 3 j^c
n* ADINA-PLOT, PROGRAM DESCRIPTION AND 258 
«NSTALLA *r i ON
f- T O ®  ..''-RtPTiOv 238
- A£A>i,La?'''0>! 2r‘-
L I S T  O F  F I G U R E S
FIG
2 , 1
2.2
2.3
2.4
3.1
3.2
3.3
3.4
3.5
3.6
'4 .1
4.2
4.3
4.4
4.5
4.6
4.7
4.8 
4.9a 
4.9b
4.10
4.11
4.12
TITLE
Finite Clemunt Mesh
Finite Llement Approximation of the Potential 
Energy of a Linear Blastic Structure
Flow Chart of the Static Analysis Options 
available in the AO IMA, Package
Flow Chart - Nonlinear Options
Diagrainatie
sheave
representation of the loaded
Loading Rig
Revised Dimensions of the Rim Section
finite Element Mesh of the Sheave (20 Beam 
Elements
Stress Distribution over the Inner Rim Surface 
(Rope Tension - 2Sfl KK)
Stress Distribution over the Outer Rim Surface
(Rope Tension * 250 KN‘)
The Drueker Prager and Mohr Coulomb Surfaces
Graphical Representation of a Non Associated
Plastic Potential Surface
Idealised .Material Behaviour
Alternative Mode? 
in Plane stress
of Hxpansion of the Yield Locus
The Drueker Prager Yield Surface (2-D)
The Dimensionlcss Ratio R
Graphical Representation of an Iterative Scheme 
Employed in the Solution of Non-Linear Problems
Iterative Schemes available in the ADINA Library
Flow Chart of Blastoplastic Solution Procedures
Flow Chart of the Material Model Subroutine
Five Noded Two-Dimensional Plane Stress niemeirt
Paraboloid Plastic Potential Surfaces
Techniques of Modelling the Tangent Modulus
PAGE
7
14 
16
17
15
18
20
22
23
24 
32
38
40
41 
43 
46
49
50
51
52
54
55
a s
MPSptJ
H i p
J:vfi
■:9
1 • ’r
xi i -
5.1 Strain Gauge Locations
Page
65
5.2 Primary and Secondary Areas of Fracture of the Sheave 66
5.3 Finite Element Mesh 69
5.4 FBi Idealisation of the Rim Profile 70
5.5 Spread of Plasticity (Non Associated Simulation) 72
5.6 Deformation of the Sheave; Rope Tension ~ 124 KM 73
5.7a Radi a 1 Stress D i str i hut i on 74
5.7b Circumferential Stress Distribution 74
5.8 Vector Plot of Principal Stresses 75
5.9 Exploded View of Principal Stresses in the Spoke 76
6.1 Plow Chart Illustration of the Options Available 
fahen Executing a Free Vibration Analysis with ADINA
104
6.2 Flowchart Illustration of the Options Available when 
Executing a Forced Vibration Analysis with ADINA
105
6. 3 Cantilever Beam, Portal Frcwie Models 107
6.4 .Mass Configurations 108
6.5 Electromagnetic Vibrator Attachment 109
6.6 Two - Mod ed Be arr< 01 oh e n t 114
6.7 Mesh Topology for Model 1 115
6.8 Mode Shapes of tie Cantilever wcam 116
6.9 Mesh Topology for Model 2 119
6.10- 13 Mode Shapes of the Portal Frame 121
7.1 Finite Element Simulation of a High Temperature Kiln 130
7.2 Flat Plate Subjected to a Sinusoidal 
Distribution
Temperature 137
7.3 Finite HIeraent Mesh Topology 137
7.4 Sinusoidal Temperature Loading 138
Al.l Tensile Compression Test Specimens 152
A1.2 Step Size Sensitivity of the Tangent Modulus 155
A1.3 The Stress Strain Behaviour of Cast Iron 173
A1.4 Material Origin of the Test Specimens 175
- xiii -
A2.1 Plane Stress Element 176
A2.2 Drucker Prager Surfaces in the Principal Stress 186 
Space at Different Stages of Expansion
A2.3 Drucker Prager Surfaces in the Shear/Mean Stress 186 
Space at Different Stages of Expansion
A2.4 An Alternative Formulation of the Increment of 190 
Plastic Work, dK0
A3.1 Flow Chart of the Material Model Subroutine EL2D14 196
A3.2 Flow Chart of Subroutine EPLAL 201
A3.3 Flow Chart of Subroutine MIDEP 202
A 4 .1 Dimensions of the Beaia Elements 214
A4.2 Dimensions of the tlnraaehined Sheave 216
A4.3 Dimensions of the Machined Sheave 217
A4.4 Idealised Cross Section of the Rim 218
A4.5 Finite Element Simulation of the Rim Section 219
A4.6 Geometric Location of the Strain Gauges 221
AS.1 Flow Chart Illustrating AD INA/AD INAT/AD INA-PLOT 224 
Execution Procedure
A6.1 Analysis of a Knee Joint Prosthesis 234
Page
A7.1 Flow Chart Illustrating the Interaction between 
the ADINA/ADINA-PLOT Programmes
238
- xiv -
PLATE TITLE PAGE
5.1 The Sheave Mounted in the Loading Rig 62
5.2 The Sheave Mounted on the Pedistal 63
5.3 The Sheave After the Destructive Test 63
5.4 Primary and Secondary Failure of the Rim Section 64
L I S T  O F  P L O T S
PLOT TITLE PAGE
4.1 Specifieation of the Tangent Modulus as a Function 55 
of the Stress Ratio R
4.2 Uniaxial Tens ion Test 56
4.3 Uniaxial Coctpres?ton Test 56
4.4 TeiiSi le Volume trie Strain 57
4.5 CompressiVt loiuaetrsc Strain 57
5.1 - 5.9 Comparison of FI-3! and Kxperimental Results 86
for the Sheave Analysis
6.1 Stress Strain Curve for the .Steel Rod 112
L I S T  O F  P H O T O G R A P H I C  P L A T E S
7.1 Thermal Analysis of a Flat Square Plate: Finite 139
and Exact Results
- XV -
Page
A1.1 Average Tensile Strain (Tests 1,2 3) 163
A1.2 Average Volumetric Strain vs Stress (Tests 2, 3) 164
A1.3 Average Circumferential Strain vs Stress (Tests 2-3) 165
A1.4 Average Compressive Strain vs Stress (Tests 1-2) 166
A1.5 Average Circumferential Strain vs Stress (Test 2) 167
A1.6 Average Volumetric Strain vs Stress (Test 2) 168
A1.7 Tangent Modulus vs Tensile Stress (Tests 1, 2 fr 3) 169
A1.8 Poisson's Ratio vs Tensile Stress (Tests 2,3) 170
Al>9 Tangent Modulus vs Compressive Stress (Tests 1,2). 171
A1.10 Poisson's Ratio vs Compressive Stress (Test 2} 172
- XVI -
L I S T  O F  T A B L E S
TABLE TITLE
5.1 Experimental Results: First Loading (Gauges 1-9)
5,2a Experimental Results: Second Loading (Gauges i-14) 
5,2b Experimental Results: Second Luadtug (Gauges 15­
5.3 Finite Element Results: Associated Plasticity
5.4 Finite Element Results: Non-Associati*d Plasticity
5.5 Central Deflection of the Sheave (I'D! Results)
6.1 Mechanical Properties ot the Steel Rod: Experimental
Results
6.2 Free Vibiatiou Analysis of a Cantilever Beam: (FEM 
Results)
6.3 Discrepancy between Experimental Measurements and 
Finite H1enont ResuIts for Mesh a (c an tilev ei beam)
6.4 Natural Prevfueneics ot a Cant i lever Be aw
6.5 Vibration Analysis of a Portal Frame
6.6 Discrepancy between Experimental Measurements and
Finite V. 1 ement Result?. (Model 2, Mesh 2)
7.1 Finite Element and Exact Revolts (Thermal Problem)
A 1.1 Tension Test !
A1.2 Tension Test 2
A 1*3 Tension Test 3
A 1.4 Compression Test 1
A 1.5 Compression Test 2
A1.6 The Tangent Modulus and Poisson's Ratio in Tension
Al.7 The Tangent Modulus and Poisson's Ratio in Compress­
ion
- xv i i
Page
A4.1 Dimensions of the Beam Elements (Rim and Spoke) 214
A4.2a Calculation of the Centroid of the Section 218
A4.2b Calculation of the Moment of Inertia of the Section 218
A4.5 Centroid, Moment of Inert i:t of the Simulated 219 
Section (FBM)
A4.4 Element/Integration Point Curresponding to the 221 
Gauge Location
A4.5a Associated Plasticity Results 222
A4.5b Nan-Associated Plasticity Results 223
A5 .1 VMS/CMS Command for Innit intin& AIHNA/ADINAT/ 
ADINA-PLOT Execution
225
- xviii -
L I S T  O F  N O T A T I O N S
VECTOR NOTATIONS
{a^}; {a} nodal or global displacements
{q^}c nodal force at i due to element e
{£ }e nodal element force due to distributed load P P
{R} external nodal force vector
{R1} - {R1 - If > - i%. 1 - Cf« }P -o °o
{p} element distributed loads/unit area
{b}e element distributed loads/unit volume
{u} displacement vector (components u, v)
{o} stress vector
{e} strain vector
Ojj stress component
dc|j increment of sticks
de?j increment of plastic strain
de?j increment of elastic strain
{de} incremental strain vector
{dee} elastic strain vector
{de^l plastic strain vector
n  1 1 \ip(a ) residual lotJ vector after the n iteration
P(a) equivalent external load vector evaluated from the 
internal stresses
VT gradient operator
xix -
SCALAR NOTATIONS
e reference to element e
f(o) the stress component of the yield criterion
K (k) material parameter dependent on the work hardening
parameter k
k the work hardening parameter
F(a,k) the general yield criterion 
Q plastic potential
J i first stress invar lent a oj + 03 + 3^ a % x 3
second stress invariant - 4 s? + s,)<>z
a
e[k)
* 0 0
K
yield surface parameters
u total potential energy
U total strain energy
dX plastic multiplier
fiS¥ increment of work performed
<r damping coefficient
E Young's modulus
v Poisson's ratio
MATRIX NOTATION
[Ne L  [N] matrix of clement/assembled shape functions
[Be , [B] = [L][N] strain shape function 
[L] strain operator
[K]e, [K] clement/assembled stiffness matrix
T1[K] tangent stiffne matrix during iteration n
[M]e,[M] e1cment/assemb1ed mass matrix
[(r]ej[<r] elcrnent/asso-mbled damping matrix
[D] linear elastic constitutive matrix
m  } elastopl astic constitutive matrix
- XX -
symbols used in Chapter 7 (ADINAT) arc not listed above. They «*re 
defined as they occur in that Chapter,
XX
[K]Gj [K] element/assembled stiffness matrix 
n[K],j, tangent stiffiu-;s matrix during iteration n
0 «[M] ,[M] element/assembled mass matrix
L G X e 1 euicntfas stttub 1 cd damping matrix
CD] 1inear e1astie constitutive matria
[D ] elastoplastic constitutive matrixv 13
symbols used in Chapter 7 (ADINAT) are not listed above. They «*re 
defined as they occur in that Chapter.
C H A P T E R  i
INTRODUCTION
I  a  PURPOSE
The purpose of this study was
(i) To study the Finite Element Method (FBI) and learn how to 
use it in a number of relatively siranle situations
(ii) To assess some aspects of the FEM package ADIXA
1,2 BACKSROUXD
The advent of the digital computer has made it possible to analyse 
continuous systems in a discrete manner. One of the mathematical 
approaches to this transformation is the finite element-method 
which has become a highly sophisticated technique enveloping a 
broad spectrum of engineering problems. In the past the method 
was confined to the upper echelons of the technological and academi 
world. However, over the last decade it has been popularised to 
the extent that, to date, numerous computer packages are commer­
cially available.
In 1981 the University of the Witwatersrand acquired the 197? 
version of the AD IN’A finite element program and its thermal counter 
oart, .ADIMAT. Although the University had existing finite element 
programs (STRUDL, GENESYS, PAFEC 71) the ADIN’A/ADINAT package 
constitutes « more advanced facility in keeping with the present 
state5 of the art. This program, developed at M. I.T., is frequently 
viewed as t. research tool which is not user friendly. Further
development is continuing and it is forseen that in the near future 
the program will be sufficiently well documented to afford easy 
access to less experienced users. It is likely to become a power­
ful tool for the training of both undergraduate and postgraduate 
students.
In March 1983 an updated 1981 version of the package was installed. 
This is the most recent edition available in the country. The 
material models applicable in the previous edition have been refined 
and an isoparametric beam element, as well as an alternative plate 
element, have been included in the existing element arsenal. This 
edition is complemented by a plotting routine ADINA-PLOT, which 
reduces the post-processing effort required in analysis,
1.3 PROCEDURE
In order to achieve the purposes of this study the ADINA package 
was used to solve a number of problems.
Before any finite element analysis was performed with the facility, 
the test programs supplied with the package were executed. This 
excercise confirmed that the source programmes had been installed 
correctly. However a few modifications in the back-up I’outines 
were required before the ADINA-PLOT program could be utilised. 
Further elaboration on this problem is presented in the concluding 
chapter.
The major project undertaken consists of a study of the strength of 
the rim of a cast iron sheave. This involved a finite element 
simulation supported by a destructive test on a 1,2 metre diameter 
sheave. Strains were physically measured at thirty locations on. 
the sheave for comparison with the results of the finite element 
analysis. During the course of the study it became evident that 
the nonlinear properties of cast iron would have to be considered
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necessitated the development of a material model subroutine com­
patible with the ADINA package which would be capable of accounting 
for the nonlinear behaviour.
The ADINA package was later employed to obtain the natural frequen­
cies of a simple beam structure. The results were compared with 
values determined from experiments performed on physical models.
In this excercise the capabilities of the ADINA package to analyse 
dynamic conditions were investigated.
The thermal counterpart, ADINAT, of the ADINA program was briefly 
assessed. ADIMAT may be employed to simulate linear and nonlinear 
steady state or transient thermal systems, however it is primarily 
intended to facilitate the study of therrao-elastic/plastic stress 
distributions. Test analyses supplied with the package were execu­
ted satisfactorily, confirming that the source program had been 
installed correctly. A further steady state temperature analysis 
was performed to gain first-hand experience in applying the package. 
No experimental work was carried out to confirm this analysis since 
a closed form solution is available.
Familiarity with the ADINA package was extended by assisting in 
undergraduate projects in which the package was used to analyse 
static problems. These projects served to stimulate interest in 
the technique at an undergraduate level. They are presented 
briefly in Appendix 6 for the purpose of completeness.
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C H A P T E R  2
FINITE ELEMENT METHOD
2.1 HISTORICAL DEVELOPMENT
In the early 1940's it became apparent that more sophisticated 
techniques of structural analysis were required to keep abreast of 
^analogical developments. Substantial research was required to 
develop such a technique which is today termed the finite element 
method and has proved to be an invaluable tool in the engineering 
world.
Prior to 1950 [4] virtually all structures were analysed by the so- 
called force method in which the internal forces were treated as 
the fundamental unknowns of the problem. Structural engineers were 
compelled to abandon this concept, which although powerful for 
analysing frame type structures, failed when continuum problems were 
encountered. This led to a careful examination of the displacement 
approach in which the displacements are the primary unknowns of the 
prob1m .
In the early 1940's it was shown by McHenry, Hrenikoff and Newmark 
that reasonably good estimates to continuum problems cuuld be 
obtained by modelling the continuum as a fine mesh of elastic bars 
f1]■ The concept of discretising the continuum into a mesh of 
elements together with the displacement approach, enabled Argvris 
and Turner et a I to propose a more direct formulation in which the 
displacement field within each element behaved in a simplified 
manner. This marked the beginning of the displacement-based finite 
element method.
At a later stage it was shown that the method derived by engineers 
was in essence identical to contemporary techniques employed by 
mathematicians for obtaining approximations to problems governed by 
partial differential equations on geometrically complicated domains 
[1,4]. Although the mathematical foundations of these techniques 
had existed for some time (for instance the Rayleigh Ritz (1S70 - 
1909} and Galerkin (1915) methods), it was the unifying concept of 
discretising the domain into a set of elements which enabled the 
full potential of these techniques to be realised. Such an approach 
was first visualised by Courant in 1943 [1].
To date it is commonly accepted that in the context of elasticity, 
the finite element method is equivalent to the minimisation of the 
total potential energy of the system in terms of the prescribed dis­
placement field [1], Convergence proofs have been provided which 
are based on the correct selection of the displacement field. In 
view of this, the method is often interpreted as an extension of the 
well known Rayleigh-Ritz procedure which is based on a variational 
principle.
Variational and weighted residual procedures have extended the use 
of tlte finite element technique to a broad class of physical problems.
In the majority of engineering applications it is possible to formu­
late a variational principle since the differential operator is 
positive definite self-adjoint. Where the operator is non-self-adjoint, 
a weighted residual technique may he applied to obtain an approximate 
solution.
2.2 THE DISPLACEMENT BASED FINITE ELEMENT FORMULATION
2.2.1 General Approach to the Problem
In the finite element approach, the structure is divided by imaginary 
lines into a discrete number of elements joined at nodal points. 
Associated with the nodal points are degrees of freedom which are
representative of the deformations possible in the particular con­
tinuum under consideration. These degrees of freedom represent the 
primary unknowns of the problem and are employed to interpolate and 
hence define uniquely, the deformation of the continuum within the 
element by specifying the displacement of any point within the 
element. The particular interpolation or basis (or shape) functions 
chosen must satisfy the following convergence criteria if convergence 
is to be guaranteed [1J
(i) The deformations of adjacent elements must be compatible 
along common boundaries
(ii) The element must be capable of modelling constant strain 
conditions, as well as rigid body movements
(iii) The displacement functions should be chosen so that the 
strains along element interfaces are finite (even though 
indeterminate).
Once the internal element deformations have been defined in terms of 
nodal point displacements, the latter can be related to equivalent 
nodal loads by means of energy considerations, thus ensuring overall 
element equilibrium. This leads to a set of • .ivltaneous equations 
in which the nodal displacements are related to equivalent nodal 
loads by a stiffness matrix.
The equations relating the external forces to the nodal degrees of 
freedom are obtained by assembling the component element stiffness 
matrices and nodal load vectors.
The assembled equations enable the nodal point displacements and 
subsequently internal stresses and strains to be calculated for all 
elements within the structure.
2.2.2 Derivation of the Displacement Based Finite Element 
Method [1]
This derivation is documented in the literature [1, 3], but is 
presented for the purpose of defining a c stent notation which 
will form the basis for discussion throughout the dissertation.
The disptxaiS-'nenz fu n ction
A typical element, e , considered in isolation to the rest of the 
continuum (Fig 2.1} is defined by nodes i, j, m etc, and boundary 
lines joining the nodes
y
I
■ ' .......... ......— ...— —1—------- - - -—... .... . ...... ...... iat»p» ^
Figure 2.1 - Finite Element Me:;h
The displacement field at a n y  point within the element is approximated 
by a linear combination of a set of basis functions (shape functions) 
N'i with unknown coefficients aj_, which represent the as yet undeter­
mined nodal point displacements
n t?
The components of [N ] are prescribed functions of position 
* * 0whilst fa} lists the nodal displacements for the element.
where {u } represents the displacement field.
inzevn&i, s ira tns
With the displacement field eqn(2.1) defined for all points within 
the element, the strain at any point may be determined. This always 
results in a linear relationship which may be written as
u f  = tL]{u}e [2.2)
where te} denotes the strain at any point within the element, e
,eT
Jie {e } = (c , £ »£_.'» . Y »Yx > z ’ x y  ’>•» ;x'
{L} represents the linear differential operator governing 
the relationship between the displacement field and 
the strain
Substituting eqn (2.1) into eqn {2.2}
! c ! e - m [ x , H a ) e C .51
U ! e = (2.4)
where
[Se] = [L][Ne]
Internal stresses
For linear elasticity, stress is related to strain by a relationship 
of the form
where represents the components of stress
3
{e0> represents initial stresses within the element
g} represents initial strains within the element
[D] represents the linear elastic constitutive matrix.
E q u iv a le n t  ->mo d a i
As described by Zienkievicz [1], the simplest technique to evaluate 
the equivalent nodal forces required to balance the boundary stresses 
and distributed loads acting on an element in isolation* is to apply 
the principle of virtual work. That is to impose virtual nodal 
displacements and subsequently equate the internal work with the 
external work performed during the deformation.
The argument proceeds as follows:
Let the virtual nodal displacements imposed on the element be 
denoted by (5a}e ; the resulting displacement field according to 
eqn (2.1j is then
The external work performed by the nodal forces is obtained from the 
scalar product of the nodal force vector with the corresponding 
nodal displacement vector
{ill}6 =. [ j y B a } * C 2 . 6 )
Consequently the internal strains are
f$e}e * [B ]{5a}e e 1
( 2 . 8 )
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where {q > represents the equivalent nodal forces required to 
maintain overall element equilibrium
0
The internal work performed per unit: volume of material is given by 
({6e}e}T {a}e - (2.9)
where {b> represents distributed loads acting on a unit volume 
of material within element e , with directions
. ^corresponding to those of the displacements {u} 
at that point.
Substituting eqn (2.7) and integrating over the volume of the element 
Ve ' '
iW. . a w t [({da}e)r( { B j T {c}e - [ N ] T {b)e)]dVe (2.10},e "V
The virtual work theorem holds for any set of virtual displacements 
£{ca) . This condition is automatically satisfied on equating the 
internal and external virtual work terms because (6a) is a common
- Cfactor. Therefore {5a} can be eliminated leaving
{q)e = ( | [ N j T {b}edVe (2.11)
v° v e
By substituting eqn (2,3), (2.S) the equation may be written as 
{q}6 = [K]e{a}e + {f}C (2.12)
where
(f)e = (f, }e + (f }e + ff }e + ff )e1 f 1 bJ 1 p J - co 1 ,io- (2.13)
and
balance a distributed external load {p} acting per unit area on 
the element boundary r ,
for initial strains and stresses tag} to exist within an element, 
the element displacement field must he distorted from its unstrained 
configuration, Tne nodal point displacements and nodal loads 
required to achieve such a distortion are represented by the last 
two terms in eqn (2,13) respectively. Since the overall structure 
must remain in equilibrium, the forces generated by the initial 
stress are identically zero after assembly. If however an element 
is removed from a mesh which contains such residual stresses/strains, 
then the initial stress terra ( f c g)e constitutes a force imbalance 
generated by the element removal and hence a redistribution of 
forces is required to absorb and equilibrate this effect.
0The ter,a {f^} represents the equivalent nodal load required to
2.3 ''LEM ENT ASSEMBLY
To evaluat? the overall response of the structure to external, 
concentrated and distributed loads, the element equilibrium equations
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must be assembled and the resulting set of simultaneous equations 
solved. The assembly process results in a set of equations govern­
ing the overall equilibrium of the structure, which are given by
In this context
[Kl represents the assembled stiffness matrix obtained from the 
assembly of the element stiffness matrices [K]e
{f} represents the assembled load vector required to balance any 
distributed loads acting on the structure
[K]{a} + {£> * {R} (2.15)
where
Cf } * 5{f }e
P P
(2.16)
{11} = 2{q}6
- 13
{RI represents the external concentrated load vector
(a) represents an assembled vector containing all the degrees of 
freedom defined in the discretisation process.
The principle of virtual work employed in deriving the finite 
element equations has been shown to be equivalent to the requirement, 
that the total potential energy of the structure is stationary and 
attains a minimum for any virtual variation of admissible displace­
ments [1]. Thus the finite element process seeks to approximate 
the 'true minimum' within the constraint of the displacement pattern 
chosen.
Although the finite element method always minimises the potential 
energy of the idealised structure, it only achieves the 'true 
minimum' in the limit, as the number of degrees of freedom associated 
with the discretisation process increases. This is conceptually 
illustrated in Fig 2,2 for an elastic structure which is free of 
initial stresses and strains. In such a case it can be shown that 
the potential energy, , is equal and opposite in sign to the strain 
energy U [lj.
tr + U = 0
The finite element method always overestimates the potential energy 
of the external loads n , and consequently under estimates the 
strain energy U , [1,12]. Thus the resulting deflections are in 
general under estimated and the predicted stiffness is over estimated. 
In an attempt to rectify this effect, it is common practice to 
numerically under integrate the stiffness coefficients and hence 
under evaluate the stiffness matrix. Although this technique is 
acceptable for linear analyses, it does not always apply to non­
linear systems f 3 ].
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¥ potential energy 
U strain energy 
a disolacenent
with mesh refinement
*Fin.ite element approximation
Figure 2.2 - Finite Element Approximation of the Potential Energy 
of a Linear Elastic Structure
Although the derivation presented concerns linear elastic structures 
the basic principles involved can be extended to incorporate non­
linear behaviour induced by material and/or geometric effects.
These foraulations are based on an incremental approach and are 
described in detail by Zienkiewicz [1] and Bathe [ o )• The method 
may also be extended to include temporal effects, The discussion of 
this formulation is deferred to Chapter 6, where a dynamic simulation 
of a siiaple structure is presented.
Continuous research has contributed towards developing elements tor 
different types of continua, ie truss, beam, 2-dimensional, ere. 
Furthermore, elements have been developed making it possible to
model curved boundaries more accurately. These developments are 
discussed in detail in Ref [1,12].
2.4 THE AD IMA FINITE ELEMENT PROGRAM: STATIC ANALYSIS
The AD IN'A (Automatic Dynamic Incremental Non-.1 inear Analysis) finite 
element program is capable of model ling a variety of engineering 
systems. These may be linear or non-linear and static or dynamic in 
nature. The various options available for static analysis are
- 15 -
summarised in Fig 2.3, whilst those applicable to dynamic systems 
are discussed in Chapter 6.
As illustratedj a linear or non-linear analysis may be performed.
Hith both types, the structure may be modelled by a series of element 
gioups. An element group defines a set of elements of the same type 
(ie, 2/D solid), specified by the same material model (ie, elasto 
plastic). It is possible however, to specify different material 
properties for each element in the group.
In a linear analysis, substructuring may be employed to reduce the
amount of input data when there are repetitive features in the
structure. Also, some degrees of freedom may be condensed out prior 
to solution.
Equilibrium iteration is an essential part of non-linear analysis.
One of two techniques may be selected, ie Modified Newton Iteration 
or BFGS -lethod. An Aitken acceleration scheme may be employed to 
increase solution efficiency with Modified Newton Iteration. In 
all non-linear analyses, the type of non-linear formulation (non­
linear material, total tagrangian, updated Lagrangian) selected is 
specified at element level and is thus dependent on whether it is 
applicable to that element.
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Figure 2,3 - Flow Chart of the Static Analysis Options Available 
with the ADIMA Package
If the overall analysis is linear (ie only linear element groups 
are defined, then a substructuring option is applicable. "
* acceleration scheme optional
Figure 2.4 - Flow Chart of Mon-Linear Options
»
Further information on the elements available and the material 
models applicable to each element is documented in detail in the 
ADINA users manual.
C H A P T E R  3
RESEARCH ON THE STRENGTH OF SHEAVE WHEELS
3.1 INTRODUCTION
The force distribution in a spoked wheel due to a concentrated load 
is well known [20] and the results are applicable to vehicle wheels 
and gears, but no information appears to be available for sheaves 
where the load is distributed over a fairly substantial arc of the 
circumference [21].
Large sheaves with many slender spokes may be analysed adequately by 
employing simple triangular trusses with one degree of indeterminacy 
[19]. This approach has been confirmed by frame analysis with 
progra«es such as STRUDl and CENESYS. In these analyses the rope 
is treated as a distributed compressive radial load over the arc of 
contact as shown in Fig 3.1. The results show that the spokes and 
rim over the unloaded portion ABC are lightly stressed. Experimental 
confirmation of this has been obtained by loading small sheaves in 
the loading rig illustrated diagramatically in Fig 3.2, [17,18].
A B
C
Figure 3.1 - Diagramatic Represen­
° tation of the Loaded 
Sheave
Figure 3.2 - Loading Rig
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A compressive radial load is applied by the rope on inserting the 
assembly into an Amsler compression testing machine.
p i s•s
3.2 PREVIOUS RESEARCH [18]
In 1981 two cast iron1 sheaves were acquired and prepared for testing 
to destruction. These had a diameter of 1 m and six integrally cast 
spokes.
The spokes of the first sheave were thinned and consequently buck ltd 
in a destructive test at a rope tension of 100 KS.
In order to induce failure in the rim of the second sheave, its rim 
section was reduced. This sheave was loaded up to a rope tension of 
250 KN without producing failure and the test was thus discontinued. 
The average dimensions and geometric properties of this sheave are 
presented in Appendix 4, (Fig A4.2)
3.3 CURRENT RESEARCH «’R0GRAM#I
It was decided to use the second sheave as a means of checking the 
results obtained from ADINA with particular emphasis on the non­
linear behaviour of the material. To realise this purpose, it was 
decided
(i) to reduce the rim section in order to achieve failure without 
excessive rope loading
(ii) to monitor strains at some points on the sheave during the 
test
(iii) to simulate the behaviour of the sheave throughout its 
loading history with the ADINA finite element package.
1. Grade 17 grey cast iron, as specified by the manufacturers.
r
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In order to implement the first objective, revised dimensions for 
the rim section were selected. Prior Co machining, a simple finite 
element analysis was performed to assess whether failure would be 
attained (see Section 3.4).
The final dimensions selected are illustrated in Fig 3.3 below.
The moment of inertia, c~oss sectional area and centroid, were 
estimated by dividing the section into elements. These calculations 
are presented in Appendix 4. The final outcome is a reduction in 
the moment of inertia and cross sectional area of 60% and 20% respec­
tively. The average dimensions of this sheave are illustrated in 
Fig A-!. 3 in Appendix 4.
Figure 3.3 - Revised Dimensions of the Rim Section
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3.4 PRELIMINARY FINITE ELEMENT ANALYSIS
The purpose of this analysis was to verify that the dimensions 
selected above, would be likely to cause rim failure of the sheave 
without excessive loading of the test rig.
It was considered necessary to use a nonlinear analysis which would 
simulate, to some extent, the actual behaviour of the material. In 
order to limit the work involved at this stage, it was decided to 
use beam elements rather than two dimensional solid elements.
3.4.1 finite Element Mesh
The sheave was treated as a plane body loaded in its plane by a 
uniform compressive radial load over 120° arc of contact. A symme­
trical half was modelled by using two-dimensional beam elements.
(The mesh design is illustrated in fig 3.4.) Since only circular or 
rectangular sections are applicable to beam elements, the rim and 
spokes were modelled by rectangular sections as specified in 
Appendix 4.1,
The spoke dimensions selected are representative of the actual 
section. Since the significant stresses in the rim are caused by 
bending, the dimensions selected for the rim, model the depth and 
moment of inertia but not the area of the section,
3.4.2 Material Properties
By this stage preliminary tensile/compression tests had been performed 
on specimens machined from section ABC of the first sheave tested in 
19S1 (see Fig 3.2). The non-1 incar behaviour was approximated with 
a bi-linear model, von Mises yield criterion and hardening. The 
ADINA library has such beam elements. The difference in strength 
between tension and compression was disregarded at this stage.
' ’ ........... . “ ’**'
■ ■■ "  ........... ..
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Figure 3,4 - Finite Element Mesh
Figure 3.S - Stress distribution over the inner rim surface 
(Rope tension = 250 SC.\)
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